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A dynamical system driven by controls and uncontrollable noise is considered in a game-theoretic setting [1-8]. The problem of
feedback control in which the performance index is a positional functional of the motion of the system [8-11] is investigated.
On the assumption that the structure of the functional satisfies reasonably general conditions, a procedure is proposed for
computing the value of the corresponding differential game. Irrespective of the number of dimensions in the initial problem, as
dictated by the structure of the performance index, the proposed procedure reduces to the problem of the successive construction
of the upper convex hulls of certain auxiliary functions in domains whose dimension does not exceed that of the phase vector of
the system. © 1998 Elsevier Science Ltd. All rights reserved.

Consider a two-person differential game for a conflict-control system described by ordinary differen-
tial equations that are linear in the phase vector x and let the performance index be a semi-norm in
the function space of the motions x[ - ]. It has been shown [11] that the calculation of the value of the
game can be reduced to successive construction of the upper convex hulls ¢ -) of certain auxiliary
functions y;(x) defined in suitable domains G; (j = k, k-1, ..., 1, where k is a fairly large natural number)
in a suitable space of dual variables. The efficacy of the procedure depends essentially on the dimension
and structure of the latter space, namely, on the dimension of the variables with respect to which the
convexification is carried out.

Generally speaking, the appropriate space is built up from the space of vectors m dual to the phase
vector x and a space of additional parameters dual to specific finite-dimensional information elements
of the prehistory of the motion. The number and dimension of the additional parameters depend on
the specific properties of the performance index. For example, in a game in which the performance
index is the total deviation of the motion x[-] from a given trajectory (see [8, p. 86}, and also [10]), no
additional parameters are needed and the constructions take place in the space of the vectors m. In
a game with a performance index such as the maximum deviation of x{ -] from a given trajectory [8,
p. 92], the constructions involve an additional scalar parameter v. However, it is sufficient to construct
the hulls @;i(m, v) for the functions y;(m, v) by convexification of the latter with respect to m only in
domains G;, , for fixed values of v. Thus, here too the constructions are actually carried out in the space
of the vectors m.

Characteristically, the performance indices used are positional functionals [8, p. 43; 9]. Hence the
role of the information image for the optimal strategies in these games is played by the actual state
{t, x[t]} of the system. On the other hand, in a game in which the performance index is the sum of the
maximum and the total deviations of the motion from a given trajectory [11, p. 891], which is not a
positional functional, computation of the value of the game requires the construction of upper convex
hulls @;(m, v) for suitable functions y;(m, v) in domains G; of pairs {m, v}. Here convexification of the
functions y;(m, v) with respect to m only is no longer sufﬁ!cient (there is a counterexample). Note that
in such a game the whole prehistory of the motion plays the part of the information image for the
strategies that form the saddle point of the game.

The discussion then concentrates in detail on the case when the performance index considered in
[11] has what is known as positional structure (and, as a corollary, it is a positional functional). It is
proved that in this fairly general case, as in the special cases mentioned previously [8, pp. 86, 92},
computation of the value of the game reduces to constructing upper hulls of functions defined in domains
of a space consisting only of dual vectors m (i.e. convexification with respect to the additional parameters
is not necessary).
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1. STATEMENT OF THE PROBLEM. CONSIDER THE SYSTEM
dx/dt=A@x+ f(t,u,v), tgst<? (1.1)

xeR", uePcR, veQckR’

Here x is the phase vector, u is the control vector, v is the noise vector, #y and 9 are given times (fp < 9),
P and Q are known compact sets, and A(f) and f{¢, u, v) are a matrix-valued function and a vector-
valued function, respectively, both piecewise continuous with respect to ¢.

Throughout this paper a function F{t, 2), t € [t, 9], z € Z is said to be piecewise continuous with respect to ¢ if
there are a finite number of points ¢, of discontinuity with respect to ¢, which do not depend on z, and moreover
in the intervals where F(¢, z) is continuous in ¢ it is jointly continuous in all arguments, while at the points of
discontinuity £, it is continuous from the right and may be defined from the left in such a way that the resulting
function is jointly continuous in [t,_;, ¢,] x Z.

The saddle-point condition for a small game [1, 2; 3, p. 56] is satisfied, i.e. for anym € R” and ¢ e
[to, B] it is true that

min 'JL%,*""’ fuv)= max r;néng(m, ftuv)) (1.2)

where (-, -) denotes the scalar product of vectors.

We will call a position of system (1.1) a pair [z, x]. Suppose given some position {¢,,x,}, t{p<¢, <.
Borel-measurable realizations uft,[-]9) = {u[tf] € P,t, <t <d}and v[t,[-]9) = {v]f] € Q, ¢, <t <
9} are admissible. Beginning from a position [t,, x, ], such realizations generate, according to (1.1) (with
u = uft], v = v[t]), absolutely continuous motions x[t,[- 8] = {x[¢], ¢, <t < ¥, x[t,] =x,}. We shall
assume that, in the space of the variables ¢, x, we are given a compact set X (see, for example, [7,
p. 40]) of possible positions of system (1.1). The projection of K on to the ¢ axis is an interval [, 9]. It
is also assumed that all trajectories of system (1.1) that begin at an arbitrary position {¢,,x,} € K remain
in K for all ¢ e (¢,, 9]. Then the motions under consideration will satisfy a Lipschitz condition with
respect to ¢ with the same constant Ag.

The performance index y of the motionx[z,[ - ]3] is defined as a functional y(x[¢,[ - ]9]) which has the
following structure. _ . .

Let the following be given: a natural number N = 1, times #! ¢ [1, 8], 1 < #*U (i = 1,..., N-1),
#™ = 9, constant (d! x n) matrices D¥! (1 < d < n) and n-dimensional vectors g i = 1,..., N). It
is assumed that the rows of the matrices Dl are linearly independent. We consider the spaces of
@ + ... + d™)-dimensional vector-tuples {y[q, ..., Y™} consisting of d"¥)-dimensional vectors
¥4 (g =1i,...,N), assuming certain norms ufi({y¥, ..., y™}) i = 1,..., N; wheni = N the symbol
oLy simply stands for the vector y[N]) defined in these spaces.

The functional v is then has the form

¥ = Y(xlta[10]) = plAUN (DI N (D] _ glAGINy DINI [ IN1]_ oIV (13)

Here

k)= min {i: 1= 1,) (1.4)
i=l,..,.N

,,,,,

We shall assume in addition that functions o)1), ) y¥l € R%¥] B € R, B = 0, exist such that

uA ...,y = a1 B, B =ptH I, L M)

15
i=l.,N-1 (1)

We may assume without loss of generality that the functions c["](y.m, PI) are defined for B < 0 in such
a way that they are even functions of B, that is, for p < 0 we put ollV], g) = ollpt), —g), i = 1,...,
N — 1. It then follows from (1.5) that the functions c¥)(y¥}, B) are norms in the spaces of (@ + 1)-
dimensional vectors {y'], B}.
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Now, whatever the history x[t,[-]*) = (1), t, st <l rr<dofa motion x{t,[ - ]9] of system
(1.1), the functional y of (1.3) may be expressed as ‘

V(L [18]) = OGIaLI )BT, B =v(Ir T18D)

Here, if h(t,) = h(t*). we have o(x[t,[-]*), p*) = p*, while if h(t,) < h(t*) we put o(xft,[-1¢*), p*) =
olt et [ %), B*), by = h(t,), h* = h(t*), where ol )1, [ %), B*) are defined from the recurrent
relations

o) (any),BH =0 (D g -] - g 1), 8°)
Sl 1 xin 1), B = oI DA™ - ), ol L (xnl).8°)
i = bk’ =2

1t follows from the properties of the functions otly'}, B) enumerated above that, for any fixed history
x{t,[-1¢*), the functional o(x[t.[-J¢*), B*) is a non-decreasing function of p* (B* = 0). Thus, when
condition (1.5) is satisfied, the functional (1.3) is positional [8, p. 43; 9].

It is required to find a control (or noise) designed to minimize (maximize) the index y (1.3),
(1.5).

These two problems combine, as shown in [7, p- 75; 8, p. 51], into a two-person zero-sum differential
game (u is the move of Player I and v is that of Player II) in the class of purely positional universal
strategies u(t, x, €) and v(t, X, €), where {t, x} € K and € > 0 is a precision parameter. It follows
from condition (1.2) and from the fact thatyis a positional functional that, whatever the initial position
[t,, x«} € K, the game just defined has a value p(t,, x,). Moreover, the game has a saddle point,
made up of an optimal minimax strategy u°(t, x, €) and an optimal maximin strategy v°(t, x, €). By the
definitions of the value of a game and of optimal strategies, it follows that for any number { > 0 a number
&(¢) > 0 and a function 8(C, €)>0,0<e < g({) exist such that, whatever the initial position [t,, X} €
K,t, < 9, the number e > 0,& < &(¢) and the partition MAgy ={:h =1, 4 < =L, M,
tye1 = 9} of the mesh 8y = maXi=y,  m(fj+1 = ;) < 8(&, €) on the one hand, the stepwise control law
U° = {u°(+), & Ap{t}} producing the control impulse

ut] = uo(t;, xt;1,€), 4 S E<tjun ji=L..M (1.6)
guarantees the inequality
¥ < p(ts, xe) + &

whatever the admissible realization v[t,[ - 19) of the noise happens to be; on the other hand, the stepwise
law V° = {v°(-), &, Ayf{#}} producing the noise impulse

Uo[t]=v°(t"x[tj],e), tjst<tj+|, j=l,...,M (17)
guarantees the inequality

Y= p(te, x¢) - §

whatever the admissible realization ult,[ - ]9) of the control happens to be.

Optimal strategies u°(t, x, €) and v°(t, x, €) are constructed as extremals (see 7, pp- 210, 220] or [8,
pp. 62-64] to the value function p(t, x). Thus, to produce an optimal control and a counter-optimal
noise, it is sufficient to be able to compute effectively the value of the game with any position [z, x] acting
as initial position. This is the aim of the present paper.

Remark 1. If condition (1.2) does not hold in the differential game under consideration, the solution process is
transferred to the class of mixed strategies [8, p. 247; 9]. However, the auxiliary constructions proposed in this
paper also remain one of the main elements in those more complicated constructions.



180 ’ N. Yu. Lukoyanov

- Remark 2. The performance index (1.3) may be given from the start, or introduced as an approximation for the
initial index v, (xfz, [ - ]9]), which takes a continuum of values of x[f] into account. For example, let the performance
index be

I/p
@
1P =Pl 10]) =( J e, D(ryGale] - g dr} (18)
12

where p is a given number (1 < p < o), g(t) is a known piecewise continuous n-dimensional vector-valued function,
D(¢) is a given piecewise constant (d(f) x n) matrix-valued function (1 < d(t) < n) and x(t, D(¢)x) is a semi-norm,
which is a piecewise continuous function of #(%(t, -) is a norm in the space of d(f)-dimensional vectors for each
fixed 7).

The functional (1.8) is positional. Let pS!’)(t*,x,,) be the value and u{,), (1, x, €) and v},), (¢, X, €) optimal strategies
in a differential %Jame for system (1.1)), (1.2) with the performance index y?).

A functional Y approximating y¥) may be constructed as follows. Consider some given partition

Ap{ey = Oz g M0 dll oy N, (M =9} 1.9
of the interval [y, ¥] which includes all the times defining the intervals over which the matrix-valued function D(¢)

is constant, as well as all points at which the functions g(¢) and y (¢, D(f)x) in (1.8) are discontinuous with respect
to ¢. Put

DI = DIyl =Dy gl L g dily gl 2 gl

- 1 1 o (1.10)
Oy =y ()0, Hlep?”, i=1,.,N
We further assume
N 1p
YO =y P ({1, [J9]: AN{,HJ})=( 3 [x“"( DY)~ gm))]P) (1.11)
i=h(te)

where h(z,) is defined by (1.4). _
Then for any § > 0 a §(C) > 0 exists such that, for any partition Ay{#")} (1.9) of mesh 8y = max,.,

<5(0)

N(t[i] _ t[i—l])

.....

[ Y9 LD - Y (10T Ay D <C (1.12)

whatever the vector-valued function xft,[-]9] = {x[f], {t, x[t]} € K, t,, =t < 8}, ¢, € [ty, 8], provided it satisfies a
Lipschitz condition with respect to ¢ with constant Ax. )

The functional y?) has the structure (1.3), (1.5). In this case the times 1 i = 1, ..., N) are defined by the
choice of the partition Ay{f"I} of (1.9), of the matrix D! and the vector g of (1.10); while the norms pll(-) and
functions o')(- ) are defined by

A N 1/p
plleyld, .,y =(Z. [x[‘”(y["])]p) , i=1...,.N
q=i

o /
o[']()’mvﬁ)=([xm(y[ﬂ)]l7 +[B|P)1 p, i=1..,N-1

Let p@)(¢,, x,; An{t1}) be the value and u,(t, x, & An{t1}) and v(,(t, x, & Ax{t'1}) the optimal strategies in a
game for system (1.1), (1.2) with performance index y» of (1.11) (for some sufficiently fine fixed partition Ay {1}
(1.9)). Considering the motions of system (1.1), which are realized in the case when Player I is guided by strategy
u{p)s(*), and Player II by strategy v(,(-; Av{f1}), and conversely in the case when the players adopt strategies
ul)(-; Ay {#}) and vip)(+), respectively, we conclude, by (1.12), that for any n > 0 a 8(n) > 0 exists such that, for
any partition Ay {f')} as in (1.9) of mesh &y = max,.; (" - 1) < §(n)

P, 0) =~ p P, x03 Ay (1] < 1

whatever the position {¢,,x,} € K.
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Thus, the problem of constructing a minimax (maximin) control for system (1.1), (1.2) with performance index
v®) (1.8) reduces to constructing the value function p®(t, x; Ay{tl}) of a differential game for a functional y?)
(1.11) of structure (1.3), (1.5).

2. A PROCEDURE FOR COMPUTING THE VALUE OF THE GAME

Thus, let us consider a differential ﬁame for system (1.1), (1.2) with performance index (1.3), (1.5).
Suppose that a position pP(t, x; Ay{f")}) is realized. Let ¢, < 9. We assign a partition

A‘. = Ak{‘tj} = {Tj T =, Tj< Tj“, j= 1,..k T = '0} (2.1)

of the time interval [¢,, 9] in which we include all points ¢ at which the functions A(r) and f(¢, u, v) are
discontinuous, as well as all times 1 (i = &(z,), . . ., N) of (1.3), (1.5). Let X(t, t) be a fundamental
solution matrix for the equation dx/dt = A(f)x. We put

Tj+l

Ay(t,m)= | mabx mip(m, X(®,7)f(t,u,v ))dt (2.2)
ti Ve ue

meR", j=1,..k

Moving in retrograde fashion via the division points of the partition A {t} (2.1), we will construct a
sequence of domains Gi(t,, 7; * 0) in the space R" of vectors m and a sequence of functions @y(t,, 7; = 0,
m),m e Gty v % 0) § = k+1,k,...,1).

Specifically, forj = k£ + 1 we assume

Gk+|(t*’tk+l +0) = {m m= 0}, (pk.,,l(t.,‘t“, +‘0, m) =0
Gra1(te, Ty ~0) = {m :m=D"], | e R,,lNl T (RS 1} ' (23)

Qa1 (tes Tray —0,m) = ~(m, g™), me Gy (t, sy = 0)

The superscript T denotes transposition and pM'() is the norm dual to the norm p™"(.) of (1.3).
Throughout, the following conventions will be used when describing domains: the notation for an element
appears first in the braces, then a colon, and then the conditions for an element to belong to the domain
(thus, the domain Gy,(¢,, Ti+; + 0) consists of the single element m = 0; while m € G(t,, 7,41 — 0) if
and only if m is such that a p™M.dimensional vector  exists, ™M (hy < 1, for whichm = Drmrll).

We continue by induction. Suppose that for 1 <j + 1 < k + 1 the domains Gj,(¢,, 1:{1,,, +0)

and the functions ¢;(t,, Tj+1 * 0, m) have already been constructed. We then define for the next j
value

‘Gj(tt,'tj +0) = Gj+](t*’1j+| bl 0)

\Vj(t" m)= A\Vj(tt. m)+ (Pj+l(t"tj+l -0,m), me Gj(t.,'rj +0) (2.4)

»

‘P](t"t] +0,m) = {‘l’j(:‘,')}cj('.,,‘j+0)

The symbol {y(-)} ¢ denotes the upper convex hull of the function y(m), constructed by convexification
with respect to m in G—that is, by definition, the minimum concave function of m that majorizes the
function y(m), m e G. .

Now, if 7; is not one of the times 4 of (1.3) (by (1.4), this means that 1; < ), where h = h(x))), we
define

Gj(t.,7; ~0)=G;(t,7;+0), @;@t.,.T;-0,m)=0;(,T;+0,m) (2.5)

But if t; = ], h = h(1)), we define
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Gj(t,T; —0)={m: m=vm, + X" (", 5)D"],

v=0, 1R, " Uv)<1, m, €G;(e,T;+0)) (2.6)
where o!"1*(.) is the norm dual to the norm o™!*() of (1.5) (for i = k);

0;(t Ty ~0m)= max [vo;(t.7; +0,m.)~(, DiMglhly] @7

my l)im

m & G,(t.,1; - 0)

where the maximum is taken over all possible triples {v, m,, [} associated by (2.6) with the given vector
m € G{t,, 7; - 0).

To complete the induction process, we deal with the case j = 1, constructing domains G,(t+, t; £ 0)
and functions ¢,(¢,, t; = 0, m), m € Gy(t,, 7, = 0).

It can be verified that for anyj (j = k + L,k, ..., 1) the domains Gi(¢,, t; + 0) thus constructed are
convex compact subsets of R” containing the vector m = 0, while the functions ¢;(¢,, 1; £ 0, m) are
concave, bounded and upper semi-continuous in their domains of definition, where

We introduce the quantities

et.,iO, .;A = * *) 2.
( X A) meGm.a.)-‘rliO)al(t X,,m) (29

a:(tn w,m)= <m, XS, t.)w)+ ‘Pq(tutq +0,m), q=12

Ift, = 9, we let A, in (2.9) denote a “degenerate” partition consisting of the single pointt; =¢, = 9 =
Tx+1, and we then have domains G (t,, 71 * 0) = Gi41(t,, T+1 * 0) (and functions ¢,(,, Ty £ 0,m) =
Ok +1(ty> Te+1 £ 0, m) (see (2.3)). Then

e(0-0,x,;4,)=pM(DWM(x, — gMy) = y(x[8[816])

Theorem. For any number & > 0 a number 8(¢) > 0 exists such that, for any initial position {z,,x,}
€ K and partition A of the time interval [¢,, 3] with mesh & = max;_; . «(1j+1 - 7;) < 8(&), the following
inequality holds

lp(te, x.) = ety -0, x.;Ak)Isg

where p(t,, x,) is the value of the differential game for system (1.1), (1.2) with the performance index
y of (1.3), (1.5), and e(t,— 0, x,; A;) is as defined in (2.9).

Thus, the procedure described above for computing the quantity e(z,-0, x,; A;) on the basis of the
functions @i(t,, 1y = 0,m),m € G(¢,, ;; £ 0) j = 1, ..., k + 1) leads to the value of the differential
game. Just as in the special cases considered in [8, pp. 117, 129] and [10], the control impulses
u°(t;, x[¢;], €) in (1.6) and V(¥ x[¢], €) in (1.7) may be constructed effectively as extremals to the
quantity e(¢;,~0, -) of (2.9). We emphasize that during the constructions, irrespective of the number
N of instants of time # in (1.3), the auxiliary functions i(t,, m) are defined and convexified in
domains Gi(t,, 1; + 0) whose dimensions do not exceed t‘lat of the phase vector of the original
system.

3. VALIDATION OF THE RESULT
The following two lemmas establish the necessary properties of the quantities e(z, * 0,x,; A;).

Lemma 1. For any position {¢,,x,} € K, t, < ¥ and partition A; (2.1) of the time interval [z, 8]:
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. [h)
e(t, -0,x:A;) = {e(:,] * 0;:” & ),[h] < t[;.
oM(DM(x, - ™M), e, +0,x,;4,)), t, =M
where i = h(t,) as in (1.4).
Proof. In the case t, < ] the assertion of the lemma follows from (2.5) (in the casej = 1) and (2.9), provided

one takes mto account thatt, = ¢,.
Let ¢, = t*). Then the domams Gy(t,, 11 = 0) are related by (2.6) and the functions ¢,(t,, 7, * 0, m) by the

equallty Q.
By (2.9), a vector m’, € G(t,, ; + 0) exists such that
e(te +0,x,;41) = 0f (£, X0, mQ) (3.1)
We recall that o?J(y!*], B) is an even function of B and hence o (1, v) is an even function of v. In addition, by
(2.8), e(t, + 0,x,; A;) = 0. Hence it follows that a pt -dimensional vector P and a number v° = 0, o®*(0, V%) < 1
exist such that

(DY (x, - M), o(t, +0,x,:A,)) =

= ml.!gﬂ) 1[(1' DM (x, — g™y 4 ve(t, +0,x,:8,)1= (10, DM (x, — gt*1)) + VOe(t, +0,x434;) G2
[} V)R

We define a vector
m® =vom? + X7 (r,,0) DT 10 (33)
It follows from 5)2 .6) and &3 3% that m® e G(t,, 11 - 0), and it then follows from (2.7) that ,(t,, T, - 0, m°) =
Vo(pl(tm T1+0,m
Thus, by (2.9) and (3. 1)—(3 3), we obtain
e(te = 0,x0; A1) > O (fe, %0, m ) = (10, DI x, — gl¥1)) 4 vO0r} (1, x0, m®) =

=DM (x, - g™), e(t, +0,x0:8,)) 9

On the other hand, in the case under consideration, by the constructions (2.6) and (2.7) (with j = 1), for each
vector m € Gy(t,, 11 - 0) at least one triple {v, m,, I} (m) = {v(m), m,(m), [(m)} exists such that

vm)=0, m,(m)eG(ts,t +0), o™ (Um),v(m)) =<1
v(m)my (m)+ X (1., DM i(m) = m (3.5)
@1(60, %) = 0,m) = V(m)Q, (24, T, +0,my (m)) — {I(m), DM glALy)

In turn, by (2.9) a vector my € Gy(t,, T, — 0) exists such that
e(ty —0,x4;A8) = 0 (b, X, ) (3.6)
Let {vq, m o, Iy} = (v, m,, I}(mg) be the triple of (3.5) corresponding to this vector mg. Then
e(ts +0,%;A1 ) = 0] (fa, e, Map) X))
It now follows from. (3.6), taking note of (2.9) and (3.5) (for m = my), that
elts =0, %5;8¢) = VO] (¢, %, msg) +{lg, DM(x, - g*) <
< (lo, DM (x, — g™} + voelts +0,558,) < SMI(DH(x, - g1),  e(t, +0,x38,)) (3.8)
Relationships (3.4) and (3.8) prove the statement of Lemma 1 for the case t, = t*}, where h = A(t,).

Lemma 2 (u- and v-stability). Suppose that the realized position is {¢,,x,} € K, t, < 9 and that a
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partition A, (2.1) of the time interval [z, 9] has been chosen. Then, for any relation of the noise

vt [ ¥ ) =t [fl=v, €Q, 1, <t<1") (3.9)
in the case of u-stability (of the control

wlt[¥)=(ulfl=u P, t,<t<s’) (3.10)

in the case of v-stability), where t* = 1, is the second point of A;, an admissible realization of the control
uft,[-1¢*) = {uft] € P, t, <t < t*} (of the noise v[t,[-Jt*) = {v[f] € O, t, <t < *}) exists such that,
from an initial position [¢,,x,], the realizations u[t,[ - J¢*) and v [t [ - )¢*) (u]t,[ - }¢*) and v[¢,[ - ]t*)) steer
system (1.1) to a position {¢*, x* = x[t*]} € K such that

e(t, +0,x;A,) = e(t'—O,x*;A';.) (3.11)
in the case of u-stability (or
e(t, +0,x,;A,) < et’ ~0,x"40.) (3.12)

in the case of v-stability).
Here A%s = A%+{t}} is the partition of the time interval [t., 3] generated by the points of A, such
that tf =1, G eMj=1,.. L k* + Lk*=k-1.

Proof of u-stability. Let W = W(t*; t,, x,, v,) be the reachable domain (over all admissible realizations u[t,[ - Jt*))
of system (1.1) at time ¢* from the position [t,, x,], given the realization v[t,[ - Jt*) of (3.9). We have to show that
avector x* e W exists satisfying inequality (3.11).

Using the Cauchy formula for solutions of Eq. (1.1) (with the substitution uftf}] - # and v, — v), we
obtain

W= {w D ow=X(" 1)x, +‘j X' O f(tutlv. ), (W1leP, 1 <1<t )] (3.13)

ts

It follows from known facts in the theory of the integration of multivalued mappings (see, e.g. [12, p. 349]) that
the set W is non-empty, convex and compact in R".

We now note that, by virtue of our notation and the relationship between the partitions A,{7;} and A{t}}, the
construction (2.4) implies the following identities

G (1", 1} —-0)=G,(t+, 15 —0) = G\ (fa,T) +0)
. (3.14)
‘P](f 111 "oym)a(p2(tlh12"0vm)

Consider the function oj(t*, w, m), w € W, m € G,(t,, t; + 0) defined on the basis of the partition A} by the
second equality of (2.9). It is bounded, concave and upper semi-continuous with respect to m for every fixed w,
and convex and continuous with respect to w for every fixed m. Consequently (see, for example, [13, p. 31]), a
saddle point {w° € W, m° € Gy(¢,, 1, + 0)} exists such that

o7 (*wom% = max  of (w0 m) (3.15)
meG) (te,71+0)
(m®, X(®,1* w0 = mi'r}(mo,X(ﬂ,t* W) (3.16)
we

We will show that the required inequality (3.11) holds for the vectorx* =w® e W. Letu"[t,[ - J¢*) be the realization
of the control, which by (3.13) corresponds to the vector w’. Then, by (3.13), taking into consideration that here
by the measurable selection theorem of [14, p. 26], the minimization operation operation may be taken inside the
integral sign, we conclude from (3.16) that

j (m®, X(8, 1) f(x,u°[1)v, )t = j mm(m L X(8,7)f (%, uv, ))dt (3.17)

b
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Further, taking (3.14) and (3.15) into account, we conclude from (2.9) that

,t
e(t” 0w’ 8% ) = a3 (2o + | (m®, X(O, D f (1l )t (3.18)

te

On the other hand, since m® € Gy(t,, T, + 0), we conclude from (2.9), using (2.4) (withj = 1) and the majorizing
property of the hull ¢,(t,, T, + 0, m) for the function y,(t,, m), that

e(ts +0,%0;85) = 03 (fa, Xam®) + AW, (0, m®) (3.19)

Now, taking (2.2) into consideration, we conclude that the difference between the left-hand sides of (3.18) and
(3.19) does not exceed the difference between the left- and right-hand sides of (3.17). This proves inequality (3.11)
for x* = w® e W, thus establishing u-stability.

Proof of v-stability. 1t follows from (2.9), via Carathéodory’s theorem [15, p. 155] for the upper convex hull
¢1(t,, 11 + 0, m) of the function y,(t,, m) (see (2.4) withj = 1) that a vector m® e Gy(t,, T, + 0) exists such that

e(ts +0,x,3A1) = O (84, X, g ) = 007 (£4, X, g )+ AW (1, 1) (3.20)
We choose a sample of the noise vft,[- J¢*) to satisfy the condition

{mg, X(0,.0f(t, 00 0 [1D) = .',“23("’°’x O f (et ) (3.21)

L=<t<t

By the measurable selection theorem (14, p. 26], such an admissible sample v[t,[-]r*) exists for any fixed
u, €P.
“The samples u[t [ ]t*) (3.10) and vfz,[-]t*) (3.21) steer system (1.1) from the position [z,, x,] to a position
{t*,x* = x[t*]} e K, for which, by (2.9), using identities (3.14) and the Cauchy formula, we obtain

L]

, _
e(t” ~0,x"; K, ) 2 07 (¢, x" ,mg) = 05 (4, X mg) + | (mog, X(D,0)f(¢,ua b [(D)dlt (322)
L

Inequality (3.12) now follows from (3.20) and (3.22), after taking into account (1.2), (2.2) and (3.21). This
completes the proof of Lemma 2.

Now, in order to verify the truth of the theorem, it will suffice, choosing a number & > 0 and a partition
Ae{t;} (2.1) as required, to consider the evolution of the quantities e(t; — 0, x[ ;]; A({c)(j)) Gg=1,...,
k + 1), where AQ)) = A, {1 =1V =1, eAni=1..., k7 +1,kV =k—j + 1}, on the one
hand, along the motion of system (1.1) that is realized when Player II is guided by the noise-formation
law V° = {v°(-), &, Ak{7;}} (see (1.7)) while Player I, relying on information about the actually realized
position {1, x[1;]} and the designated noise sample v°[¢] = v°(1;,x] 1], &), T; < ¢ < 1}, chooses a control
u[7j[ - Jtj41 at each step in accordance with Lemma 2 (u-stability); on the other hand, the evolution must
also be considered along the motion realized when Player I has chosen the control law U° = {u°(-),
&, A{t;}} (see 1.6)) and Player II designates the noise v[t]-]v;,;) in accordance with Lemma 2°
(v-stability). Throughout, note should be taken of the equalities established in Lemma 1, the fact that
ool B) (i = 1, ..., N - 1) are non-decreasing functions of B, and relationships (1.5).
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